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Abstract
We study the null surfaces that appear during the gravitational collapse of a spherically sym-
metric thin shell. Considering the horizon properties of the null surfaces, we show that there can
be three different structures: Black shells that can have either one or two horizons and naked
shells, in which the end state of the evolution corresponds to a naked singularity. We investigate
the gravitational and thermodynamic properties of these configurations and show their consistency
from a physical viewpoint.
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I. INTRODUCTION
The gravitational collapse is one of the most interesting predictions of general relativity.
It is associated with the formation of black holes and gravitational waves, which are expected
to contain information about the end state of highly interacting compact objects and about
the dynamics of the physical processes that occur during the collapse. To find out the details
of the formation of black holes and gravitational waves in general relativity, it is necessary
to consider the entire set of Einstein equations and apply several methods of numerical
relativity to solve them. Numerical relativiy is a research area by itself that implies the use
of highly accurate computational tools [1].
An alternative approach consists in considering only the most essential aspects of the
gravitational collapse by analyzing an idealized model that reduces the complexity of the
problem. This is the case of the black shell scenario, a toy model in which a thin shell made
of matter collapses under the influence of its own gravitational field [2? ]. In this case, the
mathematical complexity of the problem reduces drastically and, as a consequence, we are
allowed to apply mainly analytical methods. In the black shell model, we will assume that
the contraction of a spherically symmetric shell starts at some radial distance and leads to
a reduction of the shell radius with respect to a fiducial observer located at infinity. As the
shell shrinks, the evolution is assumed to be described by an Oppenheimer-Snyder collapsing
process [4].
In this work, to analyze the dynamics of the spacetime surface, where the thin shell
is located, we consider the norm of the vector tangent to the surface and investigate the
conditions under which this timelike vector becomes lightlike. This method allows us to find
all the null surfaces that can appear during the evolution of the shell. In particular, this
procedure predicts the existence of an event horizon that appears as the shell radius equals
its gravitational radius. Furthermore, we will see that in general there exists a second null
surface, on which an interchange between the roles of the time and spatial radial coordinates
occurs, resembling the situation in the case of a spherically symmetric event horizon. We
then study the behavior of these black shell configurations from the point of gravity and
thermodynamics. We will show that in both cases we obtain results that sound reasonable
from a physical point of view.
We will see that there exists a particular case in which no horizons appear during the
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evolution of a shell, whose end state corresponds to a curvature singularity. We call this
particular configuration naked shell. Some properties of naked shells are also studied.
This paper is organized as follows. In Sec. II, we review the main aspects of the dynamics
of a thin shell by using the Darmois-Israel formalism. We limit ourselves to the case of a
spherically symmetric thin shell so that the corresponding equation of motion reduces to
a first-order ordinary differential equation that turns out to be integrable. In Sec. III, we
perform a detailed analysis of the null surfaces that appear during the collapse of a shell.
It is found that depending on the value of the rest and gravitational masses there can be
one or two null surfaces. Considering the properties of these null surfaces, which allow us
to interpret them as horizons, we investigate in Sec. IV the behavior of these black shells
from the point of view of thermodynamics and geometrothermodynamics. We find that black
shells are unstable thermodynamic systems with well-behaved thermodynamic variables and
no phase transitions at all. In Sec. V, we study a particular thin shell, which possesses no
horizons and collapses to form a curvature singularity, i.e., it can be interpreted as a naked
shell. Finally, in Sec. VI, we review the main results of work and comment on possible
future tasks for investigation.
II. DYNAMICS
In this section, we will follow the Darmois-Israel formalism [2, 5–8] in which the starting
point is a spherically symmetric thin shell described by the hypersurface Σ with coordinates
ξa = {τ, θ, ϕ}. The corresponding line element on Σ is assumed to be of the form
ds2Σ = −dτ 2 +R2(τ)dΩ2 . (1)
Thus, Σ splits the spacetime into two regions V−, inside Σ, and V+, outside Σ. The thin
shell is assumed to be described by an energy-momentum tensor Sab.
To describe the spacetime, we assume that the inside region V− corresponds to the
Minkowski spacetime
ds2− = −dt2 + dr2 + r2dΩ2 . (2)
On Σ, it is convenient to introduce new coordinates T (τ) and R(τ) such that
t = T (τ) , dt = T˙ dτ , r = R(τ) , dr = R˙dτ , (3)
3
where τ is the proper time and a dot represents derivative with respect to τ . Thus, the
interior Minkowski metric on Σ becomes
ds2−|Σ = −
(
T˙ 2 − R˙2
)
dτ 2 +R2(τ)dΩ2 . (4)
Furthermore, we will assume that the outside region corresponds to the Schwarzschild
spacetime
ds2+ = −fdt2 +
dr2
f
+ r2dΩ2 , f = 1− 2M
r
, (5)
which on Σ in coordinates (3) becomes
ds2+|Σ = −
(
F T˙ 2 − R˙
2
F
)
dτ 2 +R2(τ)dΩ2, F = 1− 2M
R
. (6)
To guarantee that the entire spacetime is well defined as a differential manifold, one can
impose the Darmois matching conditions
[hab] = h
+
ab − h−ab = 0 , [Kab] = K+ab −K−ab = 0 , (7)
where h±ab is the metric induced on Σ by the metric of V± and K
±
ab is the corresponding
extrinsic curvature, respectively. The first condition implies simply that ds2+|Σ = ds2−|Σ, i.e.,
T˙ 2 − R˙2 = F T˙ 2 − R˙
2
F
. (8)
In general, it is difficult to make the second condition of Eq.(7) be satisfied. A less strict
version of this condition was proposed by Israel and consists in assuming that the jump in
the extrinsic curvature, [Kab] 6= 0, determines a thin shell with energy momentum tensor
Sab, which is defined as
Sab = − 1
8pi
([Kab]− [K]hab) (9)
where K = Kabh
ab. For simplicity, let us consider the case of a dust shell Sab = σuaub,
where σ is the surface density of the dust and ua is the 3-velocity of the shell. It is then
straightforward to compute the extrinsic curvature of V+ and V− and the right-hand side
of Eq.(9), which determines the behavior of the surface density σ. The final result can be
represented as
R(
√
1 + R˙2 −
√
F + R˙2) = m = 4piσR2 (10)
where m is an integration constant. This equation can be interpreted as the motion equation
of the shell. Indeed, a rearrangement of Eq.(10) leads to the expression
M = m
√
1 + R˙2 − m
2
2R
, (11)
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which can be interpreted as representing the conservation of energy during the motion of the
shell. Indeed, the first term in the right-hand side represents a relativistic quantity, which
includes the energy at rest and the kinetic energy. Then, the second term can be interpreted
as the binding energy of the system. Consequently, M represents the gravitational mass of
the shell and m its rest mass. The equation of motion (11) can be rewritten as
R˙2 =
(
M
m
+
m
2R
− 1
)(
M
m
+
m
2R
+ 1
)
. (12)
Since the right-hand side of this equation must be positive, it follows that if m ≥ M the
radius of the shell can take values only within the interval
R ∈
(
0,
m2
2m− 2M
]
(13)
with boundaries
for m→M ⇒ R ∈ (0,∞) ,
for m = 2M ⇒ R ∈ (0, 2M ] , (14)
for m→∞ ⇒ R ∈ (0,∞) .
On the other hand, if m < M , during the evolution of the shell its radius can have any
positive value, R ∈ (0,∞). We see that the value of the rest mass m is important for
determining the motion of the shell. The lower limit (R→ 0) follows from the interpretation
of the function R(τ) as the radius of the shell and also, as we will show below, from the fact
that it corresponds to a curvature singularity.
The result of integrating the motion equation (11) is shown in Fig. 1. We present the
result in terms of the proper time τ and the coordinate time t. As expected, in terms of
the proper time τ , the shell reaches the origin of coordinate in finite time, whereas for an
observer at infinity the shell never reaches the radius R = 2M .
III. HORIZONS
In a spacetime, the horizon is usually defined in terms of Killing vectors. For instance, if
the spacetime is static with a timelike Killing vector ξµ, the condition ξµξµ = 0 determines a
hypersurface which is interpreted as the horizon. In the case of the shell we are considering
here, the corresponding spacetime has no timelike Killing vector and so it is not possible
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FIG. 1: The radius of the shell in terms of the proper time τ and the coordinate time t for the
particular masses M = 1 and m = 1.
to use the above definition to search for a horizon. We, therefore, propose here to use
an alternative procedure based upon the property that a horizon is a null surface, i.e., an
observer can stay on the horizon only if she/he moves with the speed of light. In fact, in
the case of stationary axisymmetric spacetimes, one introduces the concept of stationary
observers, whose 4-velocity is a linear combination of Killing vectors. The corresponding
norm can be used to detect null surfaces. In fact, the null surfaces are located at those
places where the norm of the observer’s 4-velocity vanishes [9]. We will use the same idea
in the case of collapsing shells. Certainly, not every null surface can be interpreted as a
horizon. However, we will take other properties into consideration that allow us to interpret
our results as indicating the presence of a horizon.
Consider a free-falling observer in the spacetime outside the shell with 4-velocity Uµ =
d
dτ
(t, r, θ, ϕ). Then, according to Eq.(3), the components and the norm of the 4-velocity are
Uµ = (T˙ , R˙, 0, 0) , U2 = −F T˙ 2 + R˙
2
F
. (15)
If it happens that the norm of this 4-velocity vanishes, i.e.,
− F T˙ 2 + R˙
2
F
= 0, (16)
for some R = Rh, it follows that Rh determines a null surface. This simple idea can be used
to find null surfaces in the spacetime under consideration. To this end, it is necessary to
solve the above equation. Let us assume that the observer is at rest at infinity, i.e., R˙ = 0,
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so that from the normalization condition U2 = −1, it follows that F T˙ 2 = 1 at infinity. This
is a pure coordinate condition that determines how the time coordinate T depends on the
spatial coordinate R. Therefore, we assume that this condition is valid everywhere along
the trajectory of the observer and so we solve the null surface condition (16) together with
the coordinate condition F T˙ 2 = 1. Accordingly, the null surface condition (16) reduces to
R˙2
F
= 1 . (17)
Substituting here the equation of motion (11) and the value of the function F (R), we obtain
the algebraic equation
4(2m2 −M2)R2 − 12m2MR −m4 = 0 , (18)
for which we find the positive solution
Rh =
m2(3M +M)
2(2m2 −M2) , M =
√
2m2 + 8M2 . (19)
This shows that, in fact, the norm of the 4-velocity vector can vanish for a particular value
of the radius which, therefore, determines a null surface. Below, we will show that the norm
of the 4-velocity vectors changes its sign exactly at R = Rh and, therefore, we interpret Rh
as determining a horizon.
Equation (19) defines the radius of the horizon in terms of the gravitational mass M and
the rest mass m. The behavior of this quantity is illustrated in Fig. 2. We can see two
special points in this plot. First, for m = M/
√
2, the radius diverges, indicating that a
horizon exists only for values of m > M/
√
2. For rest masses with m < M/
√
2, Eq.(19)
indicates that no horizon exists (Rh < 0). The second point, Rh = 2M with m = 2M , is a
minimum value that corresponds to the Schwarzschild radius.
In the particular case of a shell at rest at infinity (R˙ = 0, R→∞), from the equation of
motion (11), it follows that the rest mass and the gravitational mass coincide, m = M , and
then the equation for the radius Rh reduces to
Rh =
M
2
(3 +
√
10) . (20)
To investigate the behavior of the observer’s 4-velocity around the radius Rh, we consider
now the norm U2, taking into account the coordinate condition (17), i.e.,
U2 = −1 + R˙
2
F
, (21)
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FIG. 2: Location of the horizon radius Rh in terms of the mass m. Here we choose M = 1, which
means that Rh and m are given in multiples of M .
which can be expressed as
U2 =
[
−2 + 2M
R
+
(
M
m
+
m
2R
)2](
1− 2M
R
)−1
. (22)
Figure 3 shows the location of the radius Rh in accordance with Eq.(19). Furthermore, we
FIG. 3: Norm of the observer’s 4-velocity, according to Eq.(21) for the particular masses M = 1
and m = 1.
see that at R = Rh the norm changes its sign, indicating that the observer becomes spacelike.
This is an effect that is observed exactly on the horizon of black holes. Consequently, the
null surface with radius Rh denotes the particular location, where an interchange between
the time and spatial coordinates takes place. We conclude that, in fact, it is possible to
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interpret the null surface located at R = Rh as a horizon. Figure 3 also shows the presence
of a second horizon at R = RS = 2M , which depends on the value of the gravitational
mass M only and is accompanied by an interchange between space and time, as in the
previous case. Thus, the norm U2 also contains information about the horizon located at
the Schwarzschild radius, which is the gravitational radius of the shell. This is an additional
indication that the norm of the observer’s 4-velocity can be used as a detector of horizons.
We will see below that the origin of coordinates is characterized by the presence of a
curvature singularity. If the central singularity turns out to be surrounded by horizons, we
interpret this configuration as corresponding to a black shell. According to the above results,
a black shell consists of a central singularity with one or two horizons, which are located as
follows:
if m <
M√
2
⇒ one horizon at R = 2M , (23)
if m ≥ M√
2
and m 6= 2M ⇒ two horizons at R = 2M and R = Rh .
The inner horizon located at R = 2M is always present, except in the case m = 2M
that we will consider below. The outer horizon located at R = Rh > 2M is not always
present; its existence and location depend on the value of the rest mass m. From Eq.(19) it
follows that for the particular value m = 2M , the radius of the exterior horizon Rh reduces
to its minimum value Rh = 2M , i.e., it coincides with the inner horizon located at the
Schwarzschild radius RS = 2M . This could be interpreted as the degenerate case in which
the two horizons coincide. However, a detailed analysis shows that in this case no horizon
exists. Below we will study this particular configuration with some detail.
IV. BLACK SHELL THERMODYNAMICS
In the previous section, we found that during the evolution of the shell, null surfaces
exist that can be interpreted as horizons, giving raise to black shells. On the other hand,
the study of static thin shells has shown that if we assume the validity of the first law of
thermodynamics among the parameters of the shell and the corresponding equations of state,
it is possible to derive a quite general expression for the entropy [10–13]. If the radius of
the shell coincides with its gravitational radius, where a horizon exists, the entropy reduces
to the Bekenstein-Hawking entropy S = 1
4
A, where A = 4piR2 is the area of the horizon.
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In this work, we will use this result to assume that the entropy-area relationship holds
for all null surfaces with horizon properties. From the point of view of thermodynamics,
the Bekenstein-Hawking entropy represents the fundamental equation from which all the
thermodynamic properties of the system can be derived.
A. Thermodynamic variables
According to (23), there are two different radii at which a black shell can exist. First, for
a shell with a small rest mass (m < M/
√
2) and radius R = 2M , the entropy becomes
S = 4piM2 , (24)
which is also the entropy of a Schwarzschild black hole, i.e., the thermodynamic properties
of a black shell and of a black hole coincide in this case. In particular, for positive values of
the gravitational mass the temperature T = 1
8piM
is always positive and the heat capacity
C = − 1
M
is always negative, indicating that the shell is unstable.
Consider now the second case of Eq.(23), in which the black shell has two horizons. As
usual, we take the outer horizon at R = Rh to determine the entropy
S =
pi
4
m4(3M +M)2
(2m2 −M2)2 , (25)
which we interpret as the fundamental equation [14] for the black shell.
For ordinary thermodynamic systems, in which the entropy is proportional to the volume,
the fundamental equation S(Ea) is given by means of a first-order homogeneous function,
i.e., S(λEa) = λS(Ea), where λ is a positive constant, Ea, a = 1, 2, ..n, are the extensive
variables and n represent the number of thermodynamic degrees of freedom of the system.
Black holes are not ordinary in the sense that their entropy is proportional to the area
and not to the volume. In this case, the fundamental equation cannot be a homogeneous
function of first degree; instead, in general, it is a quasi-homogeneous function of degree βS,
i.e., it satisfies the condition S(λβE1E1, ..., λβEnEn) = λβSS(E1, ..., En), where the λβ’s are
real constants [15–17]. In the case of the fundamental equation (25), the quasi-homogeneity
condition implies that M and m should be considered both as thermodynamic variables and
the coefficients βEa are related by
βm = βM , βS =
1
2
βM . (26)
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Furthermore, since M can be interpreted as the internal energy of the black shell, the
first law of thermodynamics states that
dS =
1
T
dM − I
T
dm , (27)
where I is the intensive variable dual to m. A straighforward computation allows us to
express the temperature of the shell as
T =
2M(2m2 −M2)3
pim4(3M +M)[4M(2M2 + 5m2) + 3M(M2 + 2m2)] . (28)
In Fig. 4, we illustrate the behavior of the temperature as a function of the rest mass m. In
FIG. 4: Temperature of the black shell for M = 1.
the limit m = 1√
2
M , the temperature tends to zero, then it reaches a maximum value around
m ∼ 3.92M and, finally, it tends again to zero in the limit m → ∞. The temperature is
a continuous function, which is always positive for all the allowed values of the rest mass.
This is physically meaningful behavior for the temperature of the black shell.
The variable I dual to the rest mass can be expressed as
I =
2
m
3MM3 + 3m2M2 + 8M4 − 2m4
3M(2m2 +M2) + 20m2M + 8M3 (29)
and its behavior with respect to the rest mass is illustrated in Fig. 5. This dual variable takes
values only within the interval
[√
2,−1
3
√
2
]
, independently of the value of the gravitational
mass M . This can be interpreted as indicating that the rest mass can be considered as an
independent thermodynamic variable. Furthermore, the quantity I vanishes for m = 2M ,
which is in accordance with the fact that for this particular value of the rest mass, the shell
possesses no horizon at all and the rest mass is not anymore a thermodynamic variable.
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FIG. 5: The dual thermodynamic variable I as a function of the rest mass. Here M = 1.
B. Stability
From a thermodynamic point of view, the black shell would represent a stable system if
the following conditions are satisfied [14]
∂2S
∂M2
≤ 0 , ∂
2S
∂m2
≤ 0 , ∂
2S
∂M2
∂2S
∂m2
−
(
∂2S
∂M∂m
)2
≥ 0 . (30)
In Fig. 6, we illustrate the behavior of these conditions. We see that the although the
FIG. 6: Stability conditions of a black shell. We use the notation SMM =
∂2S
∂M2
, etc. The rest mass
m is given in multiples of M .
third condition is always satisfied, the first and second conditions are not fulfilled anywhere
and so the black shell is a completly unstable system. For completeness, we plot also the
behavior of the stability conditions near the limit of only one horizon (m = 1√
2
M), where
divergences appear in all the conditions. This means that the stability conditions notice the
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transition to the case of only one horizon located at R = RS = 2M and characterize it with
divergences. In addition, we see that a black shell with a Schwarzschild horizon remains as
an unstable thermodynamic system.
C. Phase transitions
To investigate the phase transition structure of a black shell in an invariant way, we use
the formalism of geometrothermodynamics (GTD) [18], which from a given fundamental
equation allows us to equip the space of equilibrium states of the system with a Legendre
invariant metric. This invariance is important in order to guarantee that the properties
of the system do not depend on the thermodynamic potential chosen for its description.
In the case of black hole gravitational configurations, it has been shown in GTD that the
appropiate Legendre invariant metric can be expressed as [15, 19]
gGTD = βΦΦη
c
a
∂2Φ
∂Eb∂Ec
dEadEb , (31)
where Φ = Φ(Ea) is the corresponding fundamental equation of the system, Ea, a = 1, ..., n,
are the independent thermodynamic variables, ηca = diag(−1, 1, ..., 1), βΦ is the degree of
quasi-homogeneity of the potential Φ, and n is the number of thermodynamic degrees of
freedom of the system. In the case of a black shell with outer horizon located at Rh, the
fundamental equation is given in Eq.(25) so that Φ = S, and E1 =M , E2 = m. Accordingly,
from Eq.(31) we obtain
gGTD = βS S
(
− ∂
2S
∂M2
dM2 +
∂2S
∂m2
dm2
)
. (32)
The components of this metric read
gMM = −piβS
2
m4S (MA1 +MA2)
M(m2 + 4M2)(M2 − 2m2)4 , (33)
gmm = piβS
m2S (MB1 +MB2)
M(m2 + 4M2)(M2 − 2m2)4 , (34)
where
A1 = 76m
6 + 596m4M2 + 1219m2M4 + 204M6 ,
A2 = 432m
6 + 2088m4M2 + 3528m2M4 + 576M6 ,
B1 = 4m
8 + 8m6M2 + 85m4M4 + 519m2M6 + 204M8 ,
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B2 = 72m
6M2 + 396m4M4 + 1548m2M6 + 576M8 ,
are positive definite polynomials. Furthermore, a straightforward computation leads to a
curvature scalar that can be written as
RGTD =
N
D
(35)
N = 64(M2 − 2m2)(m2 + 4M2)[M(M2 − 2m2)N1 + 3M(m2 + 4M2)N2] ,
D = pi2Mm6M4(3M +M)4(MA1 +MA2)2(MB1 +MB2)2 ,
where N1 and N2 are polynomials, which depend on M and m only. From the above
expressions we can see that the denominator D of the curvature scalar has no zeros in the
range m ≥ M√
2
. This means that there are no curvature singularities at all, which in the
context of GTD is interpreted as indicating the complete lack of phase transitions. On the
other hand, in the limiting case m = M√
2
, the scalar curvature vanishes and the equilibrium
space becomes flat on that point, which is an indication of a smooth transition to the case of
a black shell with only one horizon at R = 2M . For completeness, we illustrate the behavior
of the curvature scalar in Fig. 7; one can see that the curvature is described by a smooth
FIG. 7: The curvature scalar of the equilibrium space of a black shell. Here m is given in multiples
of M .
function in the entire domain of values m ∈ (M√
2
,∞). The lack of singularities indicates that
no phase transitions occur.
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V. NAKED SHELLS
In this section, we will consider a particular configuration that can exist only for a very
specific value of the rest and gravitational masses. From the expression for the horizon
radius given in Eq.(19), it follows that for the particular value m = 2M , the radius of the
outer horizon Rh reduces to its minimum value Rh = 2M , i.e., it coincides with the inner
horizon located at the Schwarzschild radius RS = 2M . This could be interpreted as the
degenerate case in which the two horizons coincide.
However, a straightforward computation of the norm U2 leads to the expression
U2(m = 2M) = −2M + 7R
4R
, (36)
which has no zeros for any positive values of R. This means that during the evolution of
a particular shell, in which the rest mass is twice the gravitational mass, no horizons are
formed. Moreover, the end state of the shell evolution corresponds to a curvature singularity.
Indeed, the computation of the Kretschmann scalar for the shell metric (1) leads to the
expression
K = RabcdR
abcd = 4
1 + 2R˙2 + R˙4 + 2R¨R2
R4
. (37)
We see that the only singularity occurs when R → 0, i.e., as the radius of the shell shrinks
to its minimum value. No other singularities exist during the collapse of the shell as long as
its velocity and acceleration remain finite.
The particular configuration described above in which a curvature singularity is formed,
as the end state of evolution of a thin shell, but no horizons appear during the evolution
will be called naked shell. It exists only for a very specific value of the rest mass. For any
other value of the rest mass, the collapse of the shell is characterized by the appearance of
horizons, implying that the corresponding configuration is a black shell.
From the equation of motion (11), it follows that in case of a naked shell the dynamics
is governed by the equation
R˙ = −
√(
M
R
− 1
2
)(
M
R
+
3
2
)
, (38)
where the minus sign has been chosen in order for the equation to describe the motion of a
collapsing shell. The motion is constrained within the interval R ∈ (0, 2M ]. This means that
a shell can start collapsing at any R ≤ 2M , where R = 2M is not a horizon, and will reach
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the singularity in a finite proper time. Any observer within the radial distance R ≤ 2M can
communicate with an observer located infinitesimally close to the central singularity.
VI. CONCLUSIONS
In this work, we analyzed the motion of a spherically symmetric thin shell made of
pure dust. To describe the dynamics of the shell, we employ the Darmois-Israel formalism,
according to which the complete spacetime is split into three different parts that must satisfy
the matching conditions. In our case, the interior part corresponds to a flat Minkowski
spacetime, the exterior one is described by the spherically symmetric Schwarzschild metric
and the boundary between them is described by an induced metric that satisfies the matching
conditions and can be interpreted as corresponding to a thin shell of dust. As a result
of demanding compatibility between the three spacetime metrics, we obtain a differential
equation that governs the motion of the shell and depends on the gravitational mass M of
the shell and on an additional integration constant m, which is interpreted as the rest mass.
Using the idea of a free falling observer, we searched for null surfaces that appear during
the collapse of the shell and found that there are two different null surfaces. The first
one corresponds to the event horizon, which appears when the radius of the shell equals
its gravitational radius (R = 2M), i.e., it corresponds to the Schwarzschild horizon RS of
the exterior spacetime. The radius Rh of the second null surface is always greater than its
gravitational radius and its explicit value depends on the values of the gravitational and
rest masses. Moreover, this second null surface represents a boundary around which the
time and space coordinates interchange their roles, resembling the behavior around an event
horizon. Consequently, we consider the radius Rh as determining a horizon in the evolution
of the shell and denote the corresponding gravitational configuration as black shell.
We then used the Bekenstein-Hawking entropy relation and assumed the validity of the
laws of thermodynamics in order to consider the collapsing shell as a thermodynamic system.
Employing the standard approach of thermodynamics and geometrothermodynamics, we
investigate the properties of a black shell. It was shown that the resulting thermodynamic
variables present a physically reasonable behavior and that there are no phase transitions
along the evolution of the shell, which turns out to correspond to an unstable system from
the thermodynamic viewpoint.
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Furthermore, for the particular case of a thin shell, whose rest mass is twice the gravita-
tional mass (m = 2M) no horizon exists and the end state of the shell evolution corresponds
to a curvature singularity, which appears as the radius of the shell tends to zero. We thus
denote the resulting configuration as nacked shell. This is a very peculiar configuration that
appears only because of the existence of the second horizon Rh. Indeed, whereas the norm
of a free falling observer, which we use to detect null surfaces, for m 6= 2M predicts the
existence of two horizons RS and Rh, in the limiting case with m = 2M shows no horizons
at all. This is as if the horizons would annihilate each other in this particular case.
We have shown that the null surfaces that appear during the collapse of a thin shell can
be interpreted as horizons, which imply the existence of a sophisticated structure from the
point of view of the gravity and thermodynamics. The present work can be generalized to
include other kind of thin shells and spacetimes. For instance, one could consider the case
of thin shells with internal pressure or additional gravitational charges. We expect to study
such generalized configurations in future works.
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